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Quantum steering can be detected via the violation of steering inequalities, which provide sufficient
conditions for the steerability of quantum states. Here we discuss the converse problem, namely
ensuring that an entangled state is unsteerable, and hence Bell local. We present a simple criterion,
applicable to any two-qubit state, which guarantees that the state admits a local hidden state
model for arbitrary projective measurements. Specifically, we construct local hidden state models
for a large class of entangled states, which can thus not violate any steering or Bell inequality.
In turn, this leads to sufficient conditions for a state to be only one-way steerable, and provides
the simplest possible example of one-way steering. Finally, by exploiting the connection between
steering and measurement incompatibility, we give a sufficient criterion for a continuous set of qubit
measurements to be jointly measurable.
I. INTRODUCTION
Entanglement lies at the heart of quantum physics.
Notably, correlations arising from local measurements
performed on separated entangled systems can exhibit
nonlocal correlations [1, 2]. Specifically, the observed
statistics cannot be reproduced using a local hidden vari-
able model, as witnessed by violation of a Bell inequality.
Recently, the effect of Einstein-Podolsky-Rosen steer-
ing has brought novel insight to quantum nonlocality.
Originally discussed by Schro¨dinger [3], and used in quan-
tum optics [4], the effect was recently formalized in a
quantum information-theroretic setting [5]. Considering
two distant observers sharing an entangled state, steering
captures the fact that one observer, by performing a lo-
cal measurement on his subsystem, can nonlocally ‘steer’
the state of the other subsystem. Steering can be un-
derstood as a form of quantum nonlocality intermediate
between entanglement and Bell nonlocality [5, 6], and is
useful to explore the relation between these concepts. It
was demonstrated experimentally, see e.g. [7], and finds
application in quantum information processing [8–10].
Steering can be detected via steering inequalities (anal-
ogous to Bell inequalities) [11], violation of which pro-
vides a sufficient condition for a given quantum state to
be steerable. Derived for both discrete and continuous
variable quantum systems [11–13], such inequalities can
be obtained using semidefinite programming [14–17].
Interestingly, whereas the effect of steering implies the
presence of entanglement, the converse does not hold [5].
Specifically, there exist entangled states which can prov-
ably not give rise to steering (hence refereed to as un-
steerable) [5, 18], even when general measurements are
considered [6]. The correlations of such states can in fact
be reproduced without entanglement, using a so-called
local hidden state (LHS) model [5], and therefore can
never violate any steering inequality. Since a LHS model
is a particular case of a local hidden variable model, any
unsteerable state is Bell local.
Determining which entangled states are steerable and
which ones are not is a challenging problem in general.
This is mainly due to the fact that, when constructing
a LHS model, one must ensure that the model repro-
duces the desired quantum correlations for any possible
measurements. LHS models have been constructed for
entangled states featuring a high level of symmetry [18–
22]; see [24] for a review. For more general states very
little is known, even for the simplest case of two-qubit
states. Based on the concept of the steering ellipsoid
[25], Ref. [23] derived a condition guaranteeing unsteer-
ability of Bell diagonal two-qubit state. This method is
however not applicable to general two-qubit states, for
which unsteerability conditions are still missing.
Here, via the construction of a class of LHS models, we
derive a simple criterion sufficient for guaranteeing that a
two-qubit state is unsteerable, considering arbitrary pro-
jective measurements. In turn, this criterion can also be
used to guarantee one-way steerability [22, 28], a weak
form of steering where only one of the observers can steer
the state of the other. We illustrate the relevance of the
criterion with examples, providing in particular the sim-
plest possible example of one-way steering. Finally, by
exploiting the strong connection between steering and
measurement incompatibility [26, 27], we provide a suf-
ficient condition for a continuous set of dichotomic qubit
POVMs to be jointly measurable.
II. PRELIMINARIES
Consider two distant parties, Alice and Bob, sharing
an entangled quantum state ρ. On her subsystem, Al-
ice makes measurements, described by operators {Ma|x},
with Ma|x ≥ 0 and
∑
aMa|x = 1 , where x denotes the
measurement setting and a its outcome. The possible
states of Bob’s subsystem, conditioned on Alice’s mea-
surement x and her output a, are characterized by a
collection of (subnormalized) density matrices {σa|x}a,x,
called an assemblage, with
σa|x = TrA(Ma|x ⊗ 1 ρ). (1)
Note that it also includes Alice’s marginal statistics
p(a|x) = Trσa|x. The assemblage {σa|x} is called un-
steerable if it can be reproduced by a LHS model, i.e. it
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2admits a decomposition
σa|x = σLHSa|x =
∫
σλ p(a|xλ)dλ ∀a, x, (2)
where {σλ} is a set of positive matrices such that∫
Trσλdλ = 1 and the p(a|x, λ)’s are probability distri-
butions. The right hand side of the above can be under-
stood as follows. Alice sends the quantum state σλ/Trσλ
to Bob with probability density Trσλ. Given her mea-
surement input x, she then outputs a with probability
p(a|x, λ). In this way, Alice can prepare the same assem-
blage for Bob as if the state ρ had been used, without the
need for entanglement. Bob will thus be unable to distin-
guish whether he and Alice share the entangled state ρ
or if the above LHS strategy were used. On the contrary,
if a decomposition of the form (2) does not exist, which
can be certified e.g. via violation of a steering inequality
[11], the use of an entangled state is certified. In this
case, ρ is termed steerable from Alice to Bob.
Interestingly, not all entangled states are steerable.
That is, there exists entanged states, called unsteerable,
which admit a LHS model for all projective measure-
ments [5, 18] and even considering general POVMs [6].
A natural question is thus to determine which entangled
states are steerable, and which ones are not. This is a
challenging problem, mainly due to the difficulty of con-
structing LHS models for a continuous set of measure-
ments.
III. SUFFICIENT CRITERION FOR
UNSTEERABILITY
Our main result is a simple criterion, sufficient for
a two-qubit state to admit a LHS model for arbitrary
projective measurements. Consider a general two-qubit
state, expressed in the local Pauli basis
ρ0 =
1
4
(
1 + ~a0 · ~σ ⊗ 1 + 1 ⊗~b0 · ~σ +
∑
i,j=x,y,z
T 0ijσi ⊗ σj
)
,
(3)
where ~a0 and ~b0 are Alice and Bob’s local Bloch vectors
and ~σ = (σx, σy, σz) is the vector of Pauli matrices. Our
criterion for unsteerability is simply based on the local
Bloch vectors and the correlation matrix T 0ij .
The first step consists in converting the state ρ0 into a
canonical form. For this, based on previous work [6, 29],
we make the observation that
Lemma 1. Let Λ be a positive linear map on the set of
quantum states and
ρΛ = 1 ⊗ Λ(ρ)/Tr(1 ⊗ Λ(ρ)) (4)
be a valid bipartite quantum state. If ρ is unsteerable
from Alice to Bob, then ρΛ is also unsteerable from Alice
to Bob. Furthermore, if Λ is invertible and its inverse
map positive, then ρ is unsteerable from Alice to Bob if
and only if ρΛ is unsteerable from Alice to Bob.
Note that Λ does not have to be completely positive and
may therefore correspond to a non-quantum operation.
For a proof see e.g. Lemma 2 of [6], where the condition
of complete positivity can simply be relaxed.
Let us now consider the positive linear map
1 ⊗ Λ(ρ0) = 1 ⊗ ρ−1/2B ρ0 1 ⊗ ρ−1/2B (5)
where ρB = TrA[ρ0]. This map is invertible as long as
ρB is mixed with the inverse (positive) map given by
1 ⊗ Λ−1(ρ0) = 1 ⊗ ρ1/2B ρ0 1 ⊗ ρ1/2B . (6)
The interesting property of this map is that when applied
to an arbitrary state ρ0, the resulting state has ~b = 0, i.e.
Bob’s reduced state is maximally mixed [30]. Given the
above Lemma, the application of the map preserves the
steerability (or unsteerability) of ρ0.
Finally, we apply local unitaries (which can also not
change the steerability of the state) so that our state has
a diagonal T matrix, giving us the canonical form
ρ =
1
4
1 + ~a · ~σ ⊗ 1 + ∑
i=x,y,z
Ti σi ⊗ σi
 , (7)
where ~a and Ti are in general different from the origi-
nal ~a0 and T
0
ii. Below we give a sufficient criterion for
the unsteerability of any state ρ expressed in the canon-
ical form. In turn this provides a sufficient criterion for
unsteerability of any two-qubit state.
Theorem 1. Let ρ0 be a two-qubit state with correspond-
ing canonical form ρ as given in (7). If
max
xˆ
[
(~a · xˆ)2 + 2 ||T xˆ|| ] ≤ 1, (8)
where xˆ is a normalized vector and || · || the euclidean
vector norm, then ρ is unsteerable from Alice to Bob,
considering arbitrary projective measurements.
Proof. We first characterize the assemblage resulting
from projective measurements on a state in the canon-
ical form ρ. Alice’s measurement is given by a Bloch
vector xˆ and output a = ±1, corresponding to operators
M±|xˆ = (1 + xˆ · ~σ)/2. For a = +1, the steered state is
(see for example [23])
σ+|xˆ = TrA(M+|xˆ ⊗ 1 ρ) = 1
4
[(1 + ~a · xˆ)1 + T xˆ · ~σ]. (9)
Notice that the above state is diagonal in the basis
{|sˆ〉 , |−sˆ〉}, with Bloch vector sˆ = T xˆ||T xˆ|| ; we omit the xˆ
dependence to ease notation. The corresponding eigen-
values are
α(xˆ) =
1
4
(1 + ~a · xˆ+ ||T xˆ||), β(xˆ) = 1
4
(1 + ~a · xˆ− ||T xˆ||).
(10)
Note that by construction α(xˆ) ≥ β(xˆ).
3FIG. 1. Illustration of Alice’s response function (13) in
our LHS model. If sgn(sˆ · λˆ − c(xˆ)) ≥ 0 then a = +1
(shaded spherical cap, with angle θc = arccos[c]), otherwise
a = −1. The assemblage (14) then corresponds to the average
(sub-normalized) density matrix obtained by integrating pure
qubit states |λˆ〉 over the shaded region.
Our goal is now to construct a LHS model for this
assemblage. First, the local hidden states σλ are taken
to be pure qubit states, hence represented by unit Bloch
vectors λˆ, and uniformly distributed over the sphere
σλˆ =
|λˆ〉 〈λˆ|
4pi
. (11)
Normalization is ensured as
∫
Tr[σλˆ]dλˆ = 1. This ensures
that we obtain the correct reduced state for Bob:
1
4pi
∫
|λˆ〉 〈λˆ|dλˆ = 1
2
= ρB . (12)
Next, we define Alice’s response function to be given
by the distribution
p(±|xˆ, λˆ) = 1± sgn(sˆ · λˆ− c(xˆ))
2
, (13)
parameterized by the function −1 ≤ c(xˆ) ≤ 1, and sˆ the
Bloch vector of the eigenvector of σ+|xˆ with the largest
eigenvalue. The function (13) can be understood as fol-
lows (see Fig.1). If λˆ is in the spherical cap centred on
sˆ such that λˆ · sˆ ≥ c(xˆ), the output is a = +1, other-
wise a = −1. Note that we need only concentrate on the
case a = +1; the case a = −1 is automatically satisfied
from σ+1|xˆ +σ−1|xˆ = ρB and (12). We now calculate the
assemblage predicted by this model, given by
σLHS+1|xˆ =
∫
σλˆ p(+|xˆ, λˆ)dλˆ =
1
4pi
∫
|λˆ〉 〈λˆ| p(+|xˆ, λˆ)dλˆ.
We parameterise the state |λˆ〉 using the Bloch decompo-
sition in the basis {|sˆ〉 , |−sˆ〉}:
|λˆ〉 = |λˆ(θ, φ)〉 = cos θ
2
|sˆ〉+ sin θ
2
eiφ |−sˆ〉 . (14)
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FIG. 2. Plot of the achievable range of eigenvalues (α′, β′)
in our LHS model (for a fixed direction sˆ). The upper blue
curve corresponds to the condition α′ =
√
2β′ − β′ and is
achieved by the response functions (13); any point in the light
blue area below may be achieved by taking a suitable convex
combination of these functions (e.g. dashed line). Since we
have α′ ≥ β′, the grey area is not of interest.
Working in this basis and integrating over the spherical
cap for which a = +1 (see Fig. 1), (14) becomes∫ 2pi
0
∫ θc
0
(
cos2 θ2 cos
θ
2 sin
θ
2e
−iφ
cos θ2 sin
θ
2e
iφ sin2 θ2
)
sin θdφdθ
4pi
,
where θc = arccos[c(xˆ)] is the angle of the spherical cap.
Since
∫ 2pi
0
eiφdφ = 0, the off-diagonal components will be
zero, and σLHS+1|xˆ is therefore diagonal in the {|sˆ〉 , |−sˆ〉}
basis, as desired. From this, the eigenvalues of σLHS+1|xˆ,
α′(xˆ) and β′(xˆ), are given by
α′(xˆ) + β′(xˆ) =
1
2
∫ θc
0
sin θdθ =
1− cos θc
2
; (15)
α′(xˆ)− β′(xˆ) = 1
2
∫ θc
0
cos θ sin θdθ =
1− cos2 θc
4
. (16)
Upon using θc = arccos[c(xˆ)] one then finds
α′(xˆ) + β′(xˆ) =
1
2
(1− c(xˆ)); (17)
α′(xˆ)− β′(xˆ) = 1
4
(1− c2(xˆ)), (18)
from which we get the eigenvalues as a function of c(xˆ)
as
α′(xˆ) =
√
2β′(xˆ)− β′(xˆ) ; β′(xˆ) = 1
8
(1− c(xˆ))2, (19)
corresponding to the curve of Fig. 2. Since this curve is
concave, by fixing sˆ and taking convex combinations of
the response functions (13) with different c(xˆ), we may
prepare any steered states corresponding to (α′, β′) below
this curve, leading finally to
β′(xˆ) ≤ α′(xˆ) ≤
√
2β′(xˆ)− β′(xˆ). (20)
This corresponds to the blue area in Fig. 2. We thus
conclude that the model reproduces the assemblage of
4any canonical state ρ, as long as its eigenvalues satisfy
the above relation, i.e. α(xˆ) ≤ √2β(xˆ) − β(xˆ), for any
measurement vector xˆ, or equivalently
max
~x
[
(α(~x) + β(~x))2 − 2β(~x)] ≤ 0. (21)
Using (10) to convert this maximisation into Bloch vector
notation we arrive at (8).
A natural question is whether condition (8) is also nec-
essary for unsteerability. Unfortunately, this is not the
case. Consider the state ρc =
1
2 (|00〉 〈00| + |11〉 〈11|),
which does not satisfy (8) (choose e.g. xˆ = (0, 0, 1)),
but is separable hence clearly unsteerable. Note however
that condition (8) can in fact be strengthened by consid-
ering convex combination with separable states (see Ap-
pendix A). An interesting open question is then whether
there exist unsteerable states, which cannot be written as
convex combinations of unsteerable states satisfying con-
dition (8) and separable states. Nevertheless, condition
(8) turns out to be useful for proving the unsteerability
of interesting classes of states, as we illustrate below.
IV. APPLICATIONS
We now illustrate the relevance of the above result with
some applications. We will consider the class of states
ρ(p, χ) = p |ψχ〉 〈ψχ|+ (1− p)ρAχ ⊗ 1 /2 (22)
where |ψχ〉 = cosχ |00〉+sinχ |11〉 is a partially entangled
two-qubit state, ρAχ = TrB |ψχ〉 〈ψχ| and have p ∈ [0, 1],
χ ∈]0, pi/4]. The state is entangled for p > 1/3. From
Theorem 1, it follows that ρ(p, χ) is unsteerable from
Alice to Bob if
cos2(2χ) ≥ 2p− 1
(2− p)p3 (23)
as we show in Appendix B. This result is illustrated in
Fig.3 (black solid line). Note that our result recovers
the case of a two-qubit Werner state, ρ(1/2, pi/4), which
admits a LHS model [18] (in both directions).
A. One-way steering
Alice and Bob play different roles in the steering sce-
nario. Hence steerability in one direction (say from Al-
ice to Bob) does not necessarily imply steerability in the
other direction (from Bob to Alice). This effect of one-
way steering was first observed in the context of contin-
uous variable systems and gaussian measurements [28].
More recently, an example of a two-qubit one-way steer-
able state was presented considering arbitrary projective
measurements [22]. That is, while Alice can steer Bob
using a finite number of measurements, it would be im-
possible for Bob to steer Alice as the state admits a LHS
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FIG. 3. Characterization of entanglement and steering for
states ρ(p, χ). The solid black curve corresponds to (23), ob-
tained from our unsteerability criterion. The state is separa-
ble in the light orange region, unsteerable (in both directions)
in the dark blue region, unsteerable only from Alice to Bob
(hence one-way steerable) in the light blue region, and two-
way steerable in the white region (obtained from equation 19
of [23]). What happens in the grey region is an interesting
open question.
model (Bob to Alice). Moreover, a qutrit-qubit state was
shown to be one-way steerable considering POVMs [6].
Clearly, our results are also useful for capturing one-
way steering. Consider a given state ρ, the canonical
form of which is found to satisfy condition (8). From
Theorem 1, it follows that ρ is unsteerable from Alice
to Bob. Moreover, if steerability from Bob to Alice can
be verified using standard methods, e.g. via violation
of a steering inequality or using SDP methods [14, 15],
one-way steerability of ρ is proven.
We present novel examples of one-way steering. Our
states of interest will be the state ρ(p, χ) defined above.
This state is unsteerable from Alice to Bob for projec-
tive measurements when (23) is satisfied, corresponding
to the area below the thick black line of Fig. 3. The
steerability from Bob to Alice of the above state was dis-
cussed in previous works. In particular it was shown that
ρ(p, χ) is unsteerable if p ≤ 1/2 for all χ [20]. However,
for p > 1/2, the state becomes steerable from Bob to
Alice for all χ. This can be seen as follows. By applying
on Alice’s side the filter Fχ = diag(1/ cosχ, 1/ sinχ), we
obtain the state
1
2
Fχ ⊗ 1 ρ(p, χ)Fχ ⊗ 1 = ρ(p, pi/4), (24)
which is simply a Werner state with visibility p. Since
this state is steerable for p > 1/2 [5], it follows from
Lemma 1 that all states ρ(p, χ) with p > 1/2 and sat-
isfying (23) are one-way steerable from Bob to Alice for
projective measurements.
51. Simplest one-way steering
A relevant question to ask is how many measurements
are needed in order to demonstrate one-way steering. So
far, the only known examples for a two-qubit state re-
quired as many as 13 measurements [22] and considered
only projective measurements; similarly for the qutrit-
qubit example of Ref. [6]. Here we present the simplest
possible example of one-way steering. That is, a two-
qubit state such that Alice cannot steer Bob even with
POVMs, although Bob can steer Alice using only two
measurement settings.
We start with the case of projective measurements. We
show that the states ρ(p, χ) with p > 1/
√
2 and satisfying
(23) are one-way steerable, and only two measurements
are required for demonstrating steering from Bob to Al-
ice. To prove this we proceed as follows. First, from
Lemma 1, it is sufficient to consider the state ρ(p, pi/4),
i.e. a Werner state (see equation (24)). Since this state
violates the CHSH Bell inequality for p > 1/
√
2 [2], it is
nonlocal, and thus steerable from Bob to Alice with two
measurements.
Next, we move to the case of POVMs, building on the
above example. Following protocol 2 of [35], we construct
the state
ρPOVM(p, χ) =
1
2
ρ(p, χ) +
1
2
|0〉〈0| ⊗ ρB (25)
where ρB = TrA ρ(p, χ), which is now unsteerable from
Alice to Bob for POVMs, for p and χ satisfying (23).
We now show that steering from Bob to Alice is possible
using only two measurements. From Lemma 1, we can
focus our analysis on the state
ρF =
Fχ ⊗ 1 ρPOVMFχ ⊗ 1
Tr (Fχ ⊗ 1 ρPOVMFχ ⊗ 1 ) (26)
=
cos2 χ(p |φ+〉〈φ+|+ (1− p)1 /4) + 12 |0〉〈0| ⊗ ρB
cos2 χ+ 1/2
.
Using the CHSH violation criterion [38] one can find the
range of parameters such that ρF violates the CHSH in-
equality, and is thus steerable form Bob to Alice with two
measurements. We find a parameter range p > 0.83353
and corresponding χ given by condition (23).
B. Sufficient condition for joint measurability
Theorem 1 also finds application in quantum measure-
ment theory. This follows from the direct connection
existing between steering and the notion of joint measur-
ability of a set of quantum measurements [26, 27], which
has already found applications, see e.g. [31]. This allows
us to convert our sufficient condition for unsteerability
into a sufficient condition for joint measurability of a set
of qubit dichotomic POVMs. Notably, this condition is
applicable to continuous sets of POVMs.
A set of measurements {Ma|x} is said to be jointly
measurable [32] if there exists a joint POVM {Gλ} with
outcomes λ and probability distributions p(a|x, λ), from
which the statistics of any of the measurements {Ma|x}
can be recovered by a suitable post processing, that is
Ma|x =
∫
Gλp(a|x, λ)dλ ∀ a, x. (27)
Let {M±|x} be a set of dichotomic qubit POVMs
M+|x =
1
2
(kx1 + ~mx · ~σ) (28)
with ||~mx|| ≤ kx ≤ 2 − ||~mx||, and M−|x = 1 −M+|x.
Then the set {M±|x} is jointly measurable if
kx(kx − 2) + 2||~mx|| ≤ 0 (29)
for all x. This can be seen as follows. A set of mea-
surements {M±|x} is jointly measurable if and only the
assemblage given by σ±|x = ρ
1
2M±|xρ
1
2 , where ρ is a
full-rank quantum state [33], is unsteerable. Choosing
ρ = 1 /2 we get the corresponding assemblage σ±|x =
ρ1/2 M±|x ρ1/2 = 12M±|x. Following Theorem 1, condi-
tion (29) ensures the unsteerability of σ±|x, and conse-
quently the joint measurability of {M±|x}.
V. CONCLUSION
We have presented a simple criterion sufficient for a
qubit assemblage to admit a LHS model. Notably, our
method can guarantee the unsteerability of a general two-
qubit state and should thus find applications. We have
shown that the criterion allows one to detect entangled
states which are only one-way steerable and provides the
simplest such examples. Moreover, the criterion is rel-
evant to quantum measurement theory, as it provides
a sufficient condition for a continuous set of dichotomic
qubit POVMs to be jointly measurable. Further to this,
our criterion has also found applications in the connec-
tion between measurement incompatibility and nonlocal-
ity [39] and multipartite nonlocality [40].
It would be interesting to extend this criterion in sev-
eral directions. First, can the criterion be strength-
ened, e.g. by considering convex combinations, in order
to become necessary and sufficient? Also, while we fo-
cused here on projective measurements, generalizing the
method to POVMs would be useful [34]. Whether the
present ideas can be adapted to the case of higher dimen-
sional systems (beyond qubits) is also a natural question.
In particular, a natural case to consider is that of entan-
gled states of dimension d× 2, where our method should
be directly applicable. Applications to multipartite steer-
ing [36, 37] would also be interesting.
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Appendix A: Convex combinations of unsteerable
states
Since our criterion (8) is not linear, and since it does
not detect all separable states, it can be useful to consider
convex combination of states. Specifically, consider an
entangled unsteerable state of the form
ρ = pσ + (1− p)ρSEP, (A1)
where ρSEP is a separable (hence unsteerable) state, and
σ is an unspecified state. If σ is unsteerable, then it
follows that ρ is unsteerable. However, it could be that,
while ρ violates condition (8), σ does not. In this case,
the unsteerability of ρ can be shown by finding suitable
p and ρSEP such that
σ =
ρ− (1− p)ρSEP
p
(A2)
satisfies condition (8).
As a simple example, consider the state
ρ =
1
2
σ +
1
2
(
1
2
|00〉 〈00|+ 1
2
|11〉 〈11|
)
, (A3)
where σ is the two-qubit isotropic state σ = (|φ+〉 〈φ+|+
1 /4)/2. Hence ρ is an equal mixture of σ and the sep-
arable classically correlated state. One finds that for ρ,
Tz = 3/4 and so ρ violates (8) for xˆ = (0, 0, 1). However,
the state σ has T = 1 /2 and ~a = ~0 and therefore satisfies
(8), hence proving the unsteerability of ρ.
7Appendix B: Proof of unsteerability of ρ(p, χ)
Here we show that for the class of states (22), Theorem
1 implies that the ρ(p, χ) is unsteerable if
cos2 2χ ≥ 2p− 1
(2− p)p3 . (B1)
To do this, we first consider states in canonical form
(7), which satisfy ~a = (0, 0, az) and |Tx| = |Ty|.
In order to perform the maximisation of Theorem 1,
we parameterize xˆ using spherical co-ordinates xˆ =
(sin θ cosφ, sin θ sinφ, cos θ). Our criterion (8) may now
be written as
max
θ,φ
F (θ, φ) ≤ 1 , (B2)
F (θ, φ) = (~a · xˆ)2 + 2||T xˆ||
= cos2 θ a2z + 2
√
T 2x + cos
2 θ (T 2z − T 2x ).
Unsurprisingly, F depends only on θ since the problem
is symmetric with respect to the x and y directions and
we may ignore the maximisation over φ. Note that if
|Tz| = |Tx| then the maximisation occurs at θ = 0 and
our condition for unsteerability becomes
a2z + 2|Tz| ≤ 1. (B3)
In the case |Tz| 6= |Tx|, one should find the extremal
points of F (θ) and prove that they do not exceed 1. To
find these extrema we solve
dF
dθ
= − sin 2θ
(
a2z +
T 2z − T 2x√
T 2x + cos
2 θ(T 2z − T 2x )
)
= 0.
(B4)
From sin 2θ = 0 we have solutions θ = 0, pi/2, pi, and
possibly other solutions given by
a2z +
T 2z − T 2x√
T 2x + cos
2 θ(T 2z − T 2x )
= 0. (B5)
We now derive conditions such that (B5) has no solution.
After rearranging (B5) we have
cos2 θ =
T 2x
T 2x − T 2z
− T
2
x − T 2z
a4z
. (B6)
This has no solution if the RHS is greater than 1 or less
than 0. Hence we have two conditions
T 2x
T 2x − T 2z
<
T 2x − T 2z
a4z
or
T 2z
T 2x − T 2z
>
T 2x − T 2z
a4z
. (B7)
If one of the above conditions is fulfilled we therefore have
extrema for θ = 0, pi/2, pi only. In this case, and since
F (0) = F (pi), our condition for unsteerability becomes
max
θ
F (θ) = max{ a2z + 2|Tz| , 2|Tx| } ≤ 1. (B8)
We now move to the explicit case of ρ(p, χ). We find a
canonical state with |Tx| = |Ty|, ~a = (0, 0, az) and
az =
(1− p2) cos 2χ
1− p2 cos2 2χ ; Tz =
p(1− cos2 2χ)
1− p2 cos2 2χ ;
Tx =
√
p2(1− cos2 2χ)
1− p2 cos2 2χ . (B9)
We now introduce the ansatz (for p ≥ 12 )
cos2 2χ =
2p− 1
(2− p)p3 . (B10)
Eliminating the variable χ we find
a2z =
(2− p)(2p− 1)
p
; Tz =
(1− p)2
p
;
Tx = 1− p. (B11)
For the case p = 12 we have |Tz| = |Tx| and one finds
that (B3) is satisfied. For p > 12 we show that the second
condition of (B7) holds. To this end, we calculate
T 2z
T 2x − T 2z
− T
2
x − T 2z
a4z
=
(3− p)(1− p)3
(p− 2)2(2p− 1) . (B12)
This is easily seen to be positive for p ∈] 12 , 1], and so F (θ)
has extrema at θ = 0, pi, pi/2 only. It therefore remains
to prove (B8). We find
a2z + 2|Tz| = 1 , 2|Tx| = 2(1− p). (B13)
and so (B8) is satisfied for p > 12 . This proves that the
state ρ(p, χ) is unsteerable if p ≥ 12 and p and χ satisfy
(B10), which corresponds to the black curve of Fig. 3 in
the main text. Finally, we note that for a fixed χ, lower-
ing p amounts to putting more weight on the separable
part of the state. Since a convex combination of an un-
steerable state with a separable state is also unsteerable,
all points below the curve of Fig. 3 are also unsteerable.
Hence, we arrive at (23).
